The present work is based on a type of structures on a differential manifold V , called G-structures of the second kind, defined by endomorphism J on the second order tangent bundle T 2 (V ). Our objective is to give conditions for a differential manifold to admit a real almost product and a generalised almost tangent structure of second order. The concepts of the second order frame bundle H 2 (V ), its structural group L 2 and its associated tangent bundle of second order T 2 (V ) of a differentiable manifold V , are used from the point of view that is described in papers [5] and [6]. Also, the almost tangent structure of order two is mentioned and its generalisation, the second order almost transverse structure, is defined.
Introduction
A special type of first kind G-structures on an n-dimensional differentiable manifold V n , are those defined by a differentiable field of linear operators J x , such that at each point x ∈ V n , J x maps the tangent space T x (V n ) into itself and satisfies algebraic relations.
Thus if J 2 x = 0 and J x is of rank p (2p ≤ n) everywhere, then there is defined a G 1 -structure ( [12] , [14] ), the so called generalised almost tangent structure ( [2] ). In particular, if n = 2p, then the manifold V n has an almost tangent structure, briefly (a.t.)-structure ( [4] , [11] ).
If J 2 x = I, then there is, defined on V n , a real almost product structure, briefly π R -structure, of dimension (n 1 , n 2 ) with n 1 + n 2 = n ( [13] ).
A generalisation to the second order of the π R -structure and the G 1 -structure, respectively π 2 R -structure and G 2 1 -structure, is given in [5] and [6] , by means of a differential field of linear operators J x , acting on the space T 2 x (V n ) of the second order tangent vectors and satisfying the same algebraic equations.
For this purpose the concepts of the frame bundle and tangent bundle of second order are given with the use of the jet theory discussed in works of C. Ehresmann ([7] , [8] , [9] , [10] ). The notions of the second order tangent vector coincides with that defined by [3] . However there must be noticed that there are other, different definitions of the tangent bundle of higher order, in general ( [15] , [17] ).
From the same standpoint in the present paper, there is given on V n , at first, a (a.p.) 2 R -structure of dimension n + n + 1 2
(that is an almost product structure of second order), induced from an
Additionally, the second order almost tangent structure, briefly (a.t.) 2 -structure, a special case of the G 2 1 -structure ( [6] ), is mentioned. This structure is a particular case of the (a.tr.)
2 -structure too, that is also defined, and is a generalisation to the second order of the almost transverse structure ( [16] ).
Finally, with the help of the previous structures, to a G
Preliminaries
We recall the following, from the concepts given by C. Ehresmann ([7] , [8] , [9] , [10] ) and used in [5] and [6] :
bundle with basis V n and structural group L 2 n , where H 2 x is the set of all invertible 2-jets of R n into V n with source 0 ∈ R n and target x ∈ V n . It can be identified ( [5] ) with the space of bases of the vector space T 2 x (V n ), at x ∈ V n , of the second order tangent vectors, as those are defined by [3] .
The Lie group L 2 n , that is the set j 2 0 f of all invertible 2-jets with source and target 0 ∈ R n of a 2-mapping f at the point 0 ∈ R n , can be identified ([5] , [6] ), with a subgroup of matrices Gl(N, R), where
symmetric with respect to j 1 , j 2 , corresponds, the matrix A of the form,
The tangent bundle of the second order,
,n is the set j 2 0 g of all 2-jets with source 0 ∈ R n and target 0 ∈ R of a 2-mapping g at 0 ∈ R n . This bundle is ( [5] ) the dual vector bundle
. , n and ω i1i2
symmetric with respect to the indices i 1 , i 2 .
For two given charts, the transformation law for the coordinates of an element of T 2 * (V n ), is given by the form,
3)
where For another system of local coordinates {x j } j=1,2,... ,n at x ∈ V n the second order tangent vectors (e j 1 , e j 1 j 2 ) of a new basis of T 2 x , are transformed to the basis (1.4) by the matrices,
and   a
  is the corresponding matrix to the element (a
n (inverse of that given in the relations (1.3)). The transformation law for the local coordinates of v ∈ T 2 x is given by the matrices,
If J x is a differentiable field of linear operators acting on the space T 
A (a.p.)
2 R -structure induced from a G 
with n − p = q. It is, also a generalisation of the real almost product structure of the first order, briefly π R -structure ( [13] ).
Remark. It must be noticed that in [5] there is discussed a real almost product structure of second order, the π 2 R -structure, with different dimension.
Its adapted basis can be defined by {(e α1 , e A1 )(e α1α2 , e α1A2 , e A1A2 ),
where the 2-tangent vectors, {e α1 , e α1α2 , e α1A2 } and {e A1 , e A1A2 }, form a basis of L and M respectively.
The matrix A of the transformation for the adapted bases is of the form,
where L (n−p,p) is ( [13] ) the structural group of the π R -structure. Thus, this (a.p.) II. An n dimensional differentiable manifold V n admits ( [6] ) a generalised almost tangent structure of second order, briefly G 
The differentiable manifold V n is called G 2 1 -manifold, and (1) , e α1 , e α1(2) ), (e α1(1)α2 (1) , e α1 (1)α2 , e α1(1)α2 (2) , e α1α2 (2) , e α1α2 , e α1(2)α2 (2) )}, (1) . 
Such a basis is called ([6]) an G
is the structural group of the
, [12] , [14] ), and
α1 (2)α2 (2) .
It can be noticed that the matrices, (2.9)
from (2.7) and (2.8) respectively, express the basis transformation of Ker J x .
Thus, a G 2 1 -structure is a G 1 -structure of the second order whose structural group G (1) α1 (1) δ β2 (1) α2 (1) 0 0 0 0 0
and we have
for every element B of the structural group of the G 2 1 -structure.
On the other hand, we have ( [2] ), that a differentiable manifold V n admits a distribution of dimension n−p = q of the tangent space T x (V n ), if and only if, V n admits a G (n−p,p) -structure, with structural group G (n−p,p) , consisting of matrices of the form,
Similarly, a differentiable manifold V n admits a distribution of dimen- 
1 is a special case of the above matrix C. Therefore, 
Consequently,
(a.t.)
2 and (a.tr.) 2 structures I. The almost tangent structure of the first order, briefly (a.t.)-structure, is a particular case of the G 1 -structure ( [13] ), if the differentiable manifold V is of dimension 2n and the rank of J x is equal to n. Then the group G 1 (relation (2.7)) reduces to the structural group G( n n,n ) of the (a.t.)-structure ( [4] , [11] ), consisting of matrices of the form,
To the above structure there is a generalisation to the second order by means of a differentiable field of linear operators J x , acting on the space T 2 x (V 2n ) of the second order tangent vectors, with constant rank n + n + 1 2 . Obviously this second order almost tangent structure, briefly (a.t.) 2 -structure, is a particular case of the G , and the element a = (a
2n , by the matrix,
We have, AF = F A for every element A of the structural group G 2 ( n n,n ), of the (a.t.) 2 -structure.
II. The notion of the almost transverse structure of the first order, briefly (a.tr.)-structure, is defined ( [16] ) on an n-dimensional manifold V n equipped with a foliation L of codimension n−p. That is, for an atlas
. . , p, adapted to the foliation L the transformation functions verify the relation,
Then the space L of the tangent vectors to the foliation L, and the quotient space
tr.)-structure with structural group formed by matrices:
As it can be seen, this structure is a generalisation of the (a.t.)-structure, too. Generalising the almost transverse structure to the second order, by adding the condition,
it can be defined an (a.tr.) 2 -structure, whose structural group is of the form:
The above structure is also a generalisation of the (a.t.) 2 -structure. (2) , e α1(1)α2 (1) , e α1(1)α2 (2) )} and {e α1 (2) , e α1(2)α2 (2) } define a basis of Ker J x and S x , respectively. Now, we assume that the manifold V n admits a distribution ∆ of the second order tangent space T 2 -structure.
